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Neuro-symbolic artificial intelligence (Sarker et al. 2021; Zhang
and Sheng 2024), neurocompositional computing (Smolensky 1990;
Smolensky et al. 2022), hyperdimensional computation (Plate 1995;
Kanerva 2009), and vector-symbolic architectures (Gayler 2006;
Graben, Huber, et al. 2022) — all referring to essentially the same kind
of applied mathematics — play an increasing role for the development
of explainable and trustworthy artificial intelligence (Samek et al. 2019)
and for the design of non-conventional computing paradigms, such as
neuromorphic or quantum computers (Melnikov et al. 2023).

Eduardo Mizraji, one of the pioneers of these intriguing research
fields, has submitted The Matrix Algebra of Logic (Mizraji 2026), review-
ing almost 40 years of intensive investigations on vectorial represen-
tations of symbolic logics (e.g. Mizraji (1989); Mizraji (1992); Mizraji
(2008); Mizraji (2020)). Starting with an arbitrary assignment of binary
(and later trinary) symbolic truth values to orthogonal (and later linear
independent) vectors from an arithmetic vector space (called filler vec-
tors in the related approach by Smolensky (1990)), logical connectives,
such as negation, disjunction, or conjunction, become represented as
linear operators, i.e. as matrices, upon the basic spaces. Introducing
contextual information through vectorial tensor products (also known
as binding in vector-symbolic architectures (Smolensky 1990; Graben
and Potthast 2009)), allowed for a straightforward resolution of the
pertinent XOR-problem of early neuronal connectionism (Minsky and
Papert 1969). Moreover, moving from plain vector spaces to Hilbert
spaces, where projections can be calculated, entails a probabilistic in-
terpretation as required for quantum computation.

Reading Prof. Mizraji's new book was an inspiring experience where
| got a lot of new insights about the connections between classical
propositional logics with modal logics, the logics of counterfactuals
by means of the “square root of negation,” probabilistic logics, logical
differential and integral calculus, and eventually the logics of cellular
automata, such as Conway’s famous “game of life”

More specifically, | have to mention Mizraji's interesting notes on
Boole’s original formalism, motivating his subsequent exposition of
logical differential and integral calculus, in sect. 1.3; the emergence of
incompatible Pauli spin matrices under vectorial basis transformations
in sect. 4.1 (although not explicitly stated by the author); the introduc-
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tion of a vector logical normal form in terms of “Kronecker polynomials”
in sect. 4.5; and his recursive definition of the modal operators “neces-
sity” and “possibility”, inviting further research in terms of recurrent
dynamical neural networks, in sect. 6.1.

| also see much potential for future investigations, not yet foreseen
by the author. Writing the first Law of DeMorgan (p. 42) as

C = ND(N ® N)

(with C as the conjunction matrix, IV as negation, and D as disjunction),
calls for an immediate representation of The Matrix Algebra of Logic in
terms of Hopf algebras and quantum groups (Drinfel'd (1988), compare
Graben and Gerth (2012); Sadrzadeh et al. (2013); Marcolli et al. (2023)
for some related approaches). Introducing a matrix algebra co-product
A(N) = N @ N,would lead to DeMorgan’s law

C = NDA(N) ,

where all matrices are taken from the same domain now. Furthermore, it
would be interesting to have not only a recursive modal vector logics, but
also, e.g, another one for deontic logic with obligation and permission
operators (McNamara and Putte 2025).

To conclude, Prof. Mizraji has submitted a highly inspiring and infor-
mative textbook on different fields of vector logics and vector-symbolic
architectures that deserves to become a canonical standard work for
those fields of scientific scholarship.

Citation

Brainiacs Journal 2026 Volume 7 Issue 1 Edoc R7EF2883B.

Title: “The Logics Behind Reliable and Trustworthy Neuro-Symbolic
Artificial Intelligence”.

Authors: Peter beim Graben.

Dates: created 2026-02-24, updated 2026-03-26, published
2026-03-29

Copyright: © 2026 Brain Health Alliance

Contact: peter.beimgraben@b-tu.de

NPDS: LINKS/Brainiacs/BeimGraben2026LBRTNSAI
DOI:10.48085/R7EF2883B

Affiliations

Bernstein Center for Computational Neuroscience, Berlin, Germany.

7.1.R7TEF2883B

LINKS/Brainiacs/BeimGraben2026LBRTNSAI

©2026 BHA

45

60

63

66

69


https://BrainiacsJournal.org/LINKS/Brainiacs/BeimGraben2026LBRTNSAI
mailto:peter.beimgraben@b-tu.de
mailto:peter.beimgraben@b-tu.de
https://BrainiacsJournal.org/LINKS/Brainiacs/BeimGraben2026LBRTNSAI
https://doi.org/10.48085/R7EF2883B
https://BrainiacsJournal.org/LINKS/Brainiacs/BeimGraben2026LBRTNSAI

20f2

NSAI Logics

P. beim Graben

References

(1

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

(]

(12]

V. G. Drinfel’d. “Quantum groups. Journal of Soviet Mathematics 41.2
(1988), pp. 898-915. DOI: 10.. 1007 /BF01247086 (cited p. 1).

R. W. Gayler. “Vector symbolic architectures are a viable alternative
for Jackendoff's challenges.” Behavioral and Brain Sciences 29.01 (Feb.
2006), pp.78-79.D01: 10.1017/S0140525X06309028 (cited p.1).

P. beim Graben and S. Gerth. “Geometric representations for minimal-
ist grammars.” Journal of Logic, Language and Information 21.4 (2012),
pp. 393-432.DOI: 10. 1007/510849-012-9164-2 (cited p. 1).

P. beim Graben, M. Huber, W. Meyer, R. Rémer, and M. Wolff. “Vector
symbolic architectures for context-free grammars.” Cognitive Computa-
tion 14 (2022), pp. 733-748.D01: 10. 1007/s12559-021-09974~-y
(cited p. 1).

P.beim Graben and R. Potthast. “Inverse problems in dynamic cognitive
modeling” Chaos 19.1,015103 (2009), p. 015103. pOI: 10.1063/1.3
097067 (cited p. 1).

P. Kanerva. “Hyperdimensional computing: An introduction to com-
puting in distributed representation with high-dimensional random
vectors.” Cognitive Computation 1.2 (2009), pp. 139-159. D0OI: 10. 100
7/s12559-009-9009-8 (cited p. 1).

M. Marcolli, R. C. Berwick, and N. Chomsky. Old and new minimalism: a
Hopf algebra comparison. ArXiv:cs.CL/2306.10270. 2023. URL: ht tps
://arxiv.org/abs/2306.10270 (cited p.1).

P. McNamara and F. V. D. Putte. “Deontic logic” In: The Stanford En-
cyclopedia of Philosophy. Ed. by E. N. Zalta and U. Nodelman. Winter
2025. Metaphysics Research Lab, Stanford University, 2025 (cited p. 1).

A. Melnikov, M. Kordzanganeh, A. Alodjants, and R.-K. Lee. “Quantum
machine learning: from physics to software engineering”” Advances in
Physics X 8.1(2023), p. 2165452. DOI: 10. 1080/23746149 . 2023
.2165452 (cited p. 1).

M. Minsky and S. Papert. Perceptrons. Partly reprinted in . A. Anderson
and E. Rosenfeld (1988), pp. 161ff. Cambridge (MA): MIT Press, 1969
(cited p. 1).

E. Mizraji. “Context-dependent associations in linear distributed mem-
ories” Bulletin of Mathematical Biology 51.2 (1989), pp. 195-205 (cited
p.1).

E. Mizraji. “Vector logics: The matrix-vector representation of logical
calculus” Fuzzy Sets and Systems 50 (1992), pp. 179-185 (cited p. 1).

(13]

[14]

[15]

[16]

(7

(18]

[19]

(20]

(21

[22]

E. Mizraji. “Vector logic: a natural algebraic representation of the fun-
damental logical gates.” Journal of Logic and Computation 18.1(2008),
pp-. 97-121. DOI: 10 . 1093/ 1ogcom/ exm057. URL: http: //log
com.oxfordjournals.org/content/18/1/97 .abstract
(cited p. 1).

E. Mizraji. “Vector logic allows counterfactual virtualization by the
square root of NOT. Logic Journal of the IGPL (July 2020). pol: 10
.1093/jigpal/jzaa026 (cited p.1).

E. Mizraji. The Matrix Algebra of Logic. From Logic Operators to Cellular
Automata. Berlin: De Gruyter, 2026. DOI: doi: 10.1515/97831122
30053 (cited p. 1).

T. A. Plate. “Holographic reduced representations.” IEEE Transactions on
Neural Networks 6.3 (1995), pp. 623-641. DOI: 10.1109/72.377968
(cited p.1).

M. Sadrzadeh, S. Clark, and B. Coecke. “The Frobenius anatomy of word
meanings I: subject and object relative pronouns” Journal of Logic and
Computation 23.6 (2013), pp. 1293-1317. DOI: 10. 1093/1ogcom/ex
£044 (cited p. 1).

W. Samek, G. Montavon, A. Vedaldi, L. K. Hansen, and K.-R. Miller, eds.
Explainable Al: Interpreting, Explaining and Visualizing Deep Learning.
Cham: Springer, 2019 (cited p. 1).

K. Sarker, L. Zhou, A. Eberhart, and P. Hitzler. Neuro-symbolic artificial
intelligence: Current trends. ArXiv:cs.Al/2105.05330. 2021. URL: ht tps
://arxiv.org/abs/2105.05330 (cited p.1).

P. Smolensky. “Tensor product variable binding and the representation

of symbolic structures in connectionist systems.” Artificial Intelligence

46.1-2 (1990), pp. 159-216. bOI: 10.1016/0004-3702(90) 90007 -
M. URL:http://www.sciencedirect.com/science/articl

e/BBTYF-47YRKG9-3B/2/£49a999d69be5dd524089da2a96

880cc (cited p. 1).

P. Smolensky, R. T. McCoy, R. Fernandez, M. Goldrick, and J. Gao. “Neu-
rocompositional computing: From the central paradox of cognition to a
new generation of Al systems.” Al Magazine (2022). DOI: 10.1002/a
aai.12065 (cited p.1).

X.Zhangand V. S. Sheng. “Neuro-symbolic Al: Explainability, challenges,
and future trends.” Journal of the Association for Computing Machinery
37.4(2024), p. 1. URL: https://arxiv.org/abs/2411.04383
(cited p. 1).

7.1.R7TEF2883B

Brainiacs Journal

©2026 BHA


https://doi.org/10.1007/BF01247086
https://doi.org/10.1017/S0140525X06309028
https://doi.org/10.1007/s10849-012-9164-2
https://doi.org/10.1007/s12559-021-09974-y
https://doi.org/10.1063/1.3097067
https://doi.org/10.1063/1.3097067
https://doi.org/10.1007/s12559-009-9009-8
https://doi.org/10.1007/s12559-009-9009-8
https://arxiv.org/abs/2306.10270
https://arxiv.org/abs/2306.10270
https://doi.org/10.1080/23746149.2023.2165452
https://doi.org/10.1080/23746149.2023.2165452
https://doi.org/10.1093/logcom/exm057
http://logcom.oxfordjournals.org/content/18/1/97.abstract
http://logcom.oxfordjournals.org/content/18/1/97.abstract
https://doi.org/10.1093/jigpal/jzaa026
https://doi.org/10.1093/jigpal/jzaa026
https://doi.org/doi:10.1515/9783112230053
https://doi.org/doi:10.1515/9783112230053
https://doi.org/10.1109/72.377968
https://doi.org/10.1093/logcom/ext044
https://doi.org/10.1093/logcom/ext044
https://arxiv.org/abs/2105.05330
https://arxiv.org/abs/2105.05330
https://doi.org/10.1016/0004-3702(90)90007-M
https://doi.org/10.1016/0004-3702(90)90007-M
http://www.sciencedirect.com/science/article/B6TYF-47YRKG9-3B/2/f49a999d69be5dd524089da2a96880cc
http://www.sciencedirect.com/science/article/B6TYF-47YRKG9-3B/2/f49a999d69be5dd524089da2a96880cc
http://www.sciencedirect.com/science/article/B6TYF-47YRKG9-3B/2/f49a999d69be5dd524089da2a96880cc
https://doi.org/10.1002/aaai.12065
https://doi.org/10.1002/aaai.12065
https://arxiv.org/abs/2411.04383
https://www.BrainiacsJournal.org

	Book Review
	Citation
	Affiliations
	References

